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$\lambda:\Omegaarrow \mathbb{C}$ , circle packing Beltrami
:




. $f(z_{0})=0,$ $f(z_{0}’)\in(0,1)$ . ,






$\bullet$ Hexagonal Packing Lemma
$\bullet$ circle packing Riemann
$\bullet$
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$\alpha\in \mathbb{C},$ $|\alpha|<1$ , . (complex dilatation) $\alpha$
( ) Affine $\cong$ $\triangle$ –$=$ , $\triangle$
$\alpha$ . $\triangle$ $\alpha-\underline{=}$ . $\triangle$
.
.
. $\epsilon>0$ , $\epsilon$ $\alpha-\underline{=}$ $180^{o}$
circle packing $\Omega$ $D$
. regular hexagonal packing (nerve)–
$\alpha=0$ – , $\Omega$
, $D$ Andreev packing
$P$ $f_{\epsilon}:|T_{\epsilon}|arrow|P_{\epsilon}|$ , , $\epsilonarrow 0$
$f:= \lim f_{\epsilon}:\Omegaarrow D$ $\alpha$ .
A $\alpha$ Affine , A( )
regular hexagonal packing $-\supset$ , $f_{\epsilon}oA^{-1}$ $foA^{-1}$
$A(\Omega)$ $D$ .
A( ) , $D$ Andreev
packing . $-\supset$
, $\alpha-\underline{=}$ –$=$ $\Omega$
. $\Omega$ Beltrami $\lambda$ , $\Omega$
Euclid $ds$ $:=|dz+\lambda(z)d\overline{z}|$ ,
$(\Omega, ds)arrow(\mathbb{C}, |dz|)$ $(\Omega, |dz|)$ $\lambda$
.
, $\Omega$ Beltrami $\lambda$ , $|T|$ $\Omega$
151
, $T$ $\triangle$ $\triangle$
Beltranu $\lambda$
, circle packing Beltrami
, He $\vee\supset$ $T$ , $T$
PL- Beltrami $\vee\supset$
.
$\Omega$ Jordan , $z_{0},$ $z_{0}’\in\Omega$ . $\delta>0$
, $Qo:=$ : $0\leq x\leq\delta,$ $0\leq y\leq\sqrt{3}\delta/2$ } $Q$ :;
$Q_{0}+j\delta+k(1+\sqrt{3}i)\delta/2(j, k\in Z)$ $\mathbb{C}$ . $\overline{\Omega}\cap Q\neq\emptyset$
$Q$ Jordan $\overline{\Omega}_{\delta}$ , $\Omega_{\delta}$
, $Q\subset\Omega$ $Q$ $\tilde{\Omega}_{\delta}$ . ( 1 )







$\lambda(Q):=\{\begin{array}{ll}\frac{1}{Area(Q)}\iint_{Q}\lambda(z)dxdy, Q\subset\overline{\Omega}_{\delta} \text{ }0, \text{ }\end{array}$







$\in L^{1}(\Omega)$ , $h_{\delta}$ $-\supset$ , $\mapsto h_{\delta}$
, $\Vert h_{\delta}\Vert_{1}\leq\Vert h\Vert_{1}$ . $\epsilon>0$ , $\omega\in C_{0}^{\infty}(\Omega)$
$\Vert\lambda-\omega\Vert_{1}<\epsilon$ . $\omega$ , $\delta>0$
$|z-w|\leq\sqrt{7}\delta/2=$ diam $(Q)$ $|\omega(z)-\omega(w)|\leq\epsilon$ .
$z\in\overline{\Omega}_{\delta}$ , $z$ $Q$
$|\omega(z)-\omega_{\delta}(z)|=|\omega(z)-\omega(Q)|$
$= \frac{1}{Area(Q)}|.\int\int_{Q}\omega(z)-\omega(w)dudv|\leq\epsilon$ .
$\Vert\omega-\omega_{\delta}\Vert_{1}\leq\epsilon$Area $(\tilde{\Omega}_{\delta})+\Vert\omega\Vert_{\infty}$Area $(\Omega\backslash \overline{\Omega}_{\delta})$ .
$\Vert\lambda-\lambda_{\delta}\Vert_{1}\leq\Vert\lambda-\omega\Vert_{1}+\Vert\omega-\omega\delta\Vert_{1}+\Vert\omega-\lambda\Vert_{1}-$
$\leq 2\Vert\lambda-\omega\Vert_{1}+\Vert\omega-\omega\delta\Vert_{1}$
$\leq$ ( $2+$ Area $(\Omega)$ ) $\epsilon+\Vert\omega\Vert_{\infty}$Area $(\Omega\backslash \overline{\Omega}_{\delta})$ .
(2) .
$Q\subset\overline{\Omega}_{\delta}$ , , , , $z_{1},$ $z_{23}z$
$z_{4}$ , Affine $\Psi_{Q}:\mathbb{C}arrow \mathbb{C}$
$\psi_{Q}(z):=\frac{1+\overline{\lambda(Q)}}{1-|\lambda(Q)|^{2}}(z-z_{1}+\lambda(Q)(\overline{z}-\overline{z}_{1}))$








. ( 2 )
$\ovalbox{\tt\small REJECT};=\frac{|1+\lambda(Q)|^{2}}{1-|\lambda(Q)|^{2}}\delta$




. ( 3 )
$H_{\delta}$ $Q^{/}$ , $\partial Q’$ $\delta/2n$
$H(Q’)$ . $|H(Q’)|$ Jordan . (
4 )
$C_{1},$ $C_{2},$ $\cdots$ $||\lambda||\infty$
$\vee\supset$ .
$z_{1}’’,$ $z_{2}’’$ $|H(Q’)|$ , , $z_{3}’’,$ $z_{4}’’$ $|H(Q’)|$
, . $z_{j}’z_{j}’’(j=1,2,3,4)$ $\delta/2n$
,
$|x_{1}/(V3\delta/2)|\leq C_{1}$ $\{z\in Q’$ :dist $(z,$ $\partial Q’)\geq 3\delta/2n\}\subset|H(Q’)|$
, $C_{2}\delta/n$ . $Q’\backslash |H(Q’)|$ $z_{j^{Z}j}’’’$ $\vee\supset$
. $z_{1}’z_{2}’z_{2}’’z_{1}’’$ $R_{12}$ , $R_{23},$ $R_{34}$ ,
$R_{41}$ . ( 5 ) .
$R_{12}$ . $z_{1}’z_{2}’$ $n$ , $n$ .






–$=$ $\delta/2n$ , $C_{3}\delta/n$
. $\vee\supset$ $R_{34}$ .
$R_{23}$ . $\{z:{\rm Im} z=\sqrt{3}j\delta/2n\}(j=1, \ldots, n-1)$
154
$R_{23}$ , 2 –$=$ $(n-2)$ .
$H(Q’)$
, $v$ $v$
$v$ , $H(Q’)$ .
$R_{23}$ . $R_{41}$ –$=$ .
$H(Q’),$ $R_{12},$ $R_{23},$ $R_{34},$ $R_{41}$ $Q’$ (Q’)
, $Q$ –$=$ (Q) $T(Q):=\Psi_{Q}^{-1}(T(Q’))$ .
, $\overline{\Omega}_{\delta}$ .
$Q\subset\overline{\Omega}_{\delta}\backslash$ int $\overline{\Omega}_{\delta}$ , $Q$ $H_{\delta}$ , $\partial Q$ $\underline{=}$
, $\overline{\Omega}_{\delta}$ $T_{\delta}$ .
.
2. $T_{\delta}$ $C_{4}\delta/n$ $C_{5}\delta/n$ . , $T_{\delta}$ $\delta$
.
$v$ $m$ , $T$ $G(T, v, m)$
$\bullet G(T, v, 0):=\{v\}$ ,




3. (i) $\partial|T_{\delta}|$ $v$ , $G(T_{\delta}, v, n-1)$
$T_{\delta}$ , $G(T_{\delta}, v, n-1)$ $\delta/n$
.
(ii) $0\leq m\ll n,$ $Q\subset\tilde{\Omega}_{\delta}$ . $H(Q)$ $\triangle$ , $v$
$G(T_{\delta}, v, m)\subset H(Q)$ $\triangle$ $T(Q)$
$I_{m}(Q)$
Area $(Q \backslash |I_{m}(Q)|)\leq C_{6}\frac{m}{n}$Area $(Q)$
.
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:(i) : $v\in Q$ $Q$ $\tilde{\Omega}_{\delta}$ , $T_{\delta}$ .
(ii): $H(Q’)$ –$=$ $\triangle$ $\delta/n$ , $\triangle$ –$=$ $\partial Q’$
$m\delta/n+\delta/2n$ $\triangle\in I_{m}(Q’):=\Psi_{Q}(I_{m}(Q))$
. $\partial Q^{/}$ $(m+1)\delta/n+\delta/2n$ $Q^{/}$
$|I_{m}(Q’)|$ . $\vee\supset$
$\frac{Area(Q’\backslash |I_{m}(Q’)|)}{Area(Q’)}\leq C_{6}\frac{m}{n}$ .
$\Psi_{Q}$ Affine , .
Koebe-Andreev-Thurston , Jordan $\overline{\Omega}_{\delta}$
$D$ circle packing $P_{\delta}$ , border circle $\partial D$




: $|T_{\delta}|=\overline{\Omega}_{\delta}arrow D$ $9\delta$ . , $9\delta$ $9\delta(zo)=0,$ $g\delta(z_{0}’)\in(0,1)$
. , $f_{\delta}:=g\delta|_{\Omega}$ $f_{\delta}:\Omegaarrow D$
. , $f_{\delta}$ Beltrami
, $\lim_{\deltaarrow 0}f_{\delta}$ .
.
1. $\deltaarrow 0$ , $f_{\delta}$ $f:\Omegaarrow D$ $\Omega$
, $f$ Beltrami (1) .
.
2. $0$ $\{\delta(k)\}_{k=0}^{\infty}$ ,
$\{f_{\delta(k)}\}_{k=0}^{\infty}$ Beltrami (1) $f:\Omegaarrow D$
.
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: 2 $P_{\delta}$ ( $\delta$ )
. $arrow\supset$ Ring Lemma $P_{\delta}$
, PL- $9\delta$ $C_{7}$ - .
3 (i) Length-Area Lemma $P_{\delta}$ border circle $\deltaarrow 0$
$0$ , $kerg\delta(\Omega_{\delta})=D$ .
$\{f_{\delta(k)}\}_{k=0}^{\infty}$ ([2] II 5.1) ,
$\Omega$ . $f$ ,
.
4. $f$ $\Omega$ $D$ $C_{7}$ .
: $f$ $C_{7^{-}}$ . [2] II 53 $\neq f(\Omega)=1,2$
, $f$ . $f_{\delta(k)}$
$0$ , $\Omega$ $\Delta$ , $=$
$\Omega_{\delta(k)}\backslash \triangle$ , $9\delta(k)$ $g\delta(k)(\Omega_{\delta(k)}\backslash \triangle)=$
$g_{\delta(k)}(\Omega_{\delta(k)})\backslash f_{\delta(k)}(\triangle)$ ,
([2] I7.1) . , $f$ $C_{7}$ .




Carath\’eodory kemel theorem ([4] 1.1.8) $\phi$
. , $C_{7}$ $g_{\delta(k)^{O}}$
$\phi_{k}:Darrow D,$ $g_{\delta(k)}o\phi_{k}(0)=0$ , .
$\lim g_{\delta(k)}o\phi_{k}=fo\phi$ , Carath\’eodory $f(\Omega)=fo\phi(D)=$
$kerg_{\delta(k)}o\phi_{k}(D)=kerg_{\delta(k)}(\Omega_{\delta(k)})=D$ . $\square$
2 . ,$\supset$ , $f$ $\mu(f)$ $\lambda$
. , [2] IV 52 ,








$\leq 2\lim_{karrow\infty}$ Area $(\Omega\backslash \overline{\Omega}_{\delta(k)})=0$.
, $m(k):=2$ [1/ $\delta$ ( )], n( ) $:=n_{\delta(k)}$ , $n_{\delta}$ , m( ) $arrow\infty$





$\leq 2C_{6}\lim_{karrow\infty}\frac{m(k)}{n(k)}$ $\sum$ Area $(Q)$
$Q\subset\tilde{\Omega}_{\delta(k)}$
$\leq 2C_{6}$Area $( \Omega)\lim_{karrow\infty}\frac{m(k)}{n(\text{ })}=0$ .
, $\Psi_{Q}(I_{m(k)}(Q))$ $v$ , $G(T(Q’), v,$ $))=G(H_{\delta}, v, m(k))$
, $v$ $=$ $1+s_{m(k)}$ .
$\{s_{m}\}_{m=0}^{\infty}$ $0$
$\vee\supset$ , Hexagonal Packing Lemma
He’xagonal Packing . $f_{\delta}$ , $\epsilon>0$
, PL- $f_{\delta(k)}o\Psi_{Q}^{-1}:Q’arrow D$









$\leq 2\epsilon$Area $(\Omega)$ .
(4), (5), (6) (3) .
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